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Abstract

Brownian motion is the erratic motion of an object due to collisions with the fluid in which it is

immersed. In this work, we detail a tabletop laboratory demonstration of underdamped Brownian

motion wherein a macroscopic particle resting on a driven fluid interface exhibits ballistic motion

at short times and diffusive motion at long times. We observe the trajectory of a centimeter-sized

disk driven by a field of chaotic Faraday waves excited by a shaker. The crossover from ballistic

to diffusive motion occurs at time and length scales experimentally accessible through particle

tracking of a video recorded with a standard phone camera. Along with representative data, we

provide a complete assembly guide and operating procedure for students so that the experiment

can be readily applied in the classroom. The tabletop setup can also be adapted for other student

projects and active research topics relating to particle motion on a vibrating fluid interface.
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I. INTRODUCTION

In 1827, Robert Brown observed the random motion of microscopic particles in a bulk

fluid by watching pollen grains dance under a microscope. The pollen grains moved about

erratically, appearing to be pushed and pulled by an “invisible” force.1 A theory for the

motion was not developed until Albert Einstein’s seminal work in 1905.2,3 Einstein deduced

that the irregular particle motion was in fact due to the collisions of the grain with molecules

of water. He also suggested that in addition to moving irregularly, the particles should

move ballistically between the collisions with water molecules. Under Brown’s experimental

conditions, however, such ballistic motion would occur over an extremely short timescale,

unobservable with the microscopy techniques of the time. As such, the particle would simply

appear to diffuse with a diffusion coefficient D that can be related to the mean-squared

particle displacement (in two dimensions) as

⟨|∆r(t)|2⟩ = 4Dt. (1)

A formulation incorporating the effects of particle inertia was derived shortly after Ein-

stein’s result by Paul Langevin in 1908, now referred to as the Langevin equation.4 Finite

particle inertia introduces a crossover timescale τc, which delineates the transition from bal-

listic (|∆r(t)|2 ∼ t2) to diffusive motion (|∆r(t)|2 ∼ t, i.e. Eq. 1). This timescale represents

an inertial relaxation period which tends to zero in the fully overdamped (i.e. inertialess or

high friction) limit.

To get a sense of scale, it is instructive to compute an estimate for this crossover timescale,

τc =
m
γ
, where m is the mass of the particle and γ is the friction factor.5 For a pollen grain,

we can estimate the friction factor as γ = 6πµR from Stokes’s drag6, where µ is the liquid

viscosity and R is the particle radius. Taking the mass of the grain as m = 4
3
πρsR

3, we

can estimate the timescale as τc = 2ρsR2

9µ
. Assuming that the pollen grain is suspended in

water (ρ = 1 g/cm3, µ = 1 mPa·s), is neutrally buoyant (ρs = ρ), and has radius R ≈ 1 µm,

we can estimate the crossover timescale for Brown’s experiments to be τc ≈ 0.1 µs. This

transition at the microscopic scale was not experimentally documented until over 100 years

after Einstein’s prediction. The measurement required complex optical setups to resolve the

position of a trapped micrometer-sized particle to a positional precision of angstroms and a

temporal precision of nanoseconds in order to observe the crossover time of τc ≈ 0.1 µs.7,8
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Analog macroscopic demonstrations of Brownian motion present an opportunity to more

easily observe diffusive dynamics without complex optical setups, readily implementable in a

minimal physics laboratory. In a recent AJP article, Brigante et al. documented a tabletop

experiment that allows students to probe the assumptions and dynamics of Brownian motion

using vibrated granular matter.9 The experiments use a large bead (R = 3 mm) immersed

in a background of small beads (R = 0.45 mm), which play the role of the pollen grain and

water molecules, respectively, of Brown’s original experiment. The collection of beads is

vertically vibrated on a loudspeaker, with diffusive behavior of the large particle emerging

as a result of the chaotic collisions with the surrounding smaller particles. While the authors

demonstrated that inertia is non-negligible by considering correlation times for the object’s

displacement, they did not consider a detailed analysis of the short-time ballistic regime.

To complement that work, we here present an alternate version of the experiment, re-

placing the small beads with a periodically driven water bath that allows us to elucidate

the short-time ballistic dynamics of Brownian motion. The use of the water environment

allows us to reduce the particle friction to a level where the inertial dynamics become read-

ily observable. When a liquid interface is vertically oscillated above a critical amplitude,

nonlinear subharmonic Faraday waves form on the free surface. An unsteady wave field

and surface flows result from the driving. When a floating object is placed on the bath,

the waves and associated surface flows randomly move the object around in a way that

can be approximated as a white noise random forcing under particular experimental condi-

tions. This system has been well-documented in recent research as a simple platform that

behaves as a macroscopic 2D ideal gas10, and also exhibits 2D turbulence.11–14 Importantly,

the particle’s non-negligible inertia increases the crossover time to O(0.1) s, allowing the

experimentalist to readily probe ballistic dynamics without the special equipment required

to observe the crossover time of microscopic colloidal spheres. This experiment highlights

the balance between inertia and drag in setting the system’s finite memory, captured via

the ballistic timescale.

Fluid-shaker experimental setups have been central to a number of research topics in the

last decade, with investigations demonstrating the rich interplay between particle dynamics

and surface waves and flows.10–15 Transcending fundamental fluid mechanics, objects on

vibrating liquid baths have been also shown to demonstrate a large assortment of emergent

behaviors, with self-propelled droplets acting as hydrodynamic quantum analogs16,17, and
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asymmetric solid floaters (referred to as “capillary surfers”) providing a tunable system to

explore topics and open questions in active matter.18

In this note, we describe the application of the vibrating liquid interface to the under-

damped dynamics of a randomly forced object on the interface. Students can observe the

motion of an inertial particle as it is randomly pushed about by supercritical Faraday waves,

and directly quantify the ballistic and diffusive motion of the object on timescales accessible

with a standard camera. Pedagogically, this setup enables students to make a direct physi-

cal connection between the physics of ballistic motion and diffusive motion, with the latter

often only presented abstractly as a phenomenon exclusive to the microscale. The experi-

ment can be introduced in conjunction with the Langevin equation to relate the statistics of

the floater’s motion directly to theoretical predictions. We provide all experimental design

and software files necessary to replicate the experiment and analysis. The experiment we

describe also serves as an accessible, hands-on introduction to particle motion on a chaotic

fluid interface, naturally forming a link between fundamental concepts in standard physics

curricula and active areas of ongoing research.

II. EXPERIMENTAL SETUP

The setup consists of a 4-inch diameter speaker (PRV Audio 4MR60-4), water bath,

amplifier (Facmogu F900S), and an object that floats on the surface of the water-filled

bath (Fig. 1). While a variety of different materials and sizes can be used for the float-

ing object, we used white 3D-printed disks (R = 6 mm). The bath (Rb = 5 cm, uni-

form depth H = 0.5 cm) was 3D-printed using black filament to provide suitable contrast

with the white floating disk and thus enable robust particle tracking. The floating disk

rested partially submerged on the air-water interface via a balance of buoyancy, weight,

and surface tension. All files necessary for implementation, including 3D-print source files,

assembly instructions, bill of materials, experimental protocols, tracking code, and code

for processing trajectory data, can be found at the GitHub and associated Wiki page at

github.com/harrislab-brown/BrownianMotionFaraday/wiki.

In order to generate motion on the interface, students generated a single frequency tone

with a laptop or cell phone (we used the website onlinetonegenerator.com). If available, a

standalone benchtop signal generator can also be used. Above a critical oscillation ampli-
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camera

disk

loudspeaker

(b)

aux cord

amplifier

disk

(a)

1 cm

(c)

(d)

FIG. 1. (a) Photograph of a floating disk of radius R = 6 mm on an air-water interface of Faraday

waves forced at f = 180 Hz. For the purpose of demonstrating the underlying wavefield, we

photographed the setup at an angle so that the interface reflects a color pattern out of frame.19

(b) Schematic of the experimental setup. A 3D-printed bath filled with water is hot glued to a

speaker. As the amplitude of speaker oscillations is increased by increasing the volume, waves form

on the surface that mimic a random 2D forcing, moving the disk around the bath. (c) Photograph

of the experimental setup. (d) An example trajectory over 30 seconds taken from the top-down

view used to acquire data, with the white dot indicating the start and the blue dot indicating the

end.

tude, controlled simply by adjusting the output volume, the fluid surface destabilizes into

nonlinear surface waves referred to as Faraday waves, first documented by Michael Faraday

in 1831.20 As the amplitude is increased for a fixed frequency, the surface will qualitatively

evolve from 1) a flat, unperturbed surface to 2) standing orderly Faraday waves to 3) er-

ratic unsteady Faraday waves that move and scar on the surface to 4) a surface that begins

splashing and emitting droplets (Fig. 2(a)).

In the erratic regime (regime 3), the Faraday wave crests and troughs appear to move

chaotically around the bath as a function of time. In response, the particle on the surface

randomly moves around the bath, with the Faraday waves and flows acting as small “parti-

cles” colliding with our large floating object. The dominant wavelength of the waves (which

also dictates the characteristic lengthscale of the surface flows) is a tunable lengthscale that

we can set via the frequency of the tone. As noted in Brigante et al.9, the “particles” con-

tributing the random forces should be small relative to the object size for effective analogy
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(a) (b)

experiment

(a)

(1) (2)

(4)(3)

FIG. 2. (a) The four qualitative regimes of Faraday wave behavior demonstrated in a small square

bath with sides of 4 cm at f = 60 Hz, with increasing amplitude: (1) still, (2) standing, (3)

erratic, and (4) drop emission. (b) The forcing lengthscale as a function of frequency for water

in a dish of depth H = 0.5 cm. We choose disks that are larger than the forcing lengthscale, i.e.

R > LF ≡ λF /2. The disk radius and experimental frequency are indicated by the black dot.

with Brown’s original experiments. In their study, the large bead was approximately 6× the

size of the small bead. For our experiment, we ensured that the size of the object R was

greater than the size of the fluctuation lengthscale11 LF = λF/2, where λF is the charac-

teristic wavelength. In this regime, a relationship reminiscent of the fluctuation-dissipation

relation is known to hold.11 For Faraday waves, the wavenumber kF = 2π/λF is related to

the driving frequency f via

(πf)2 =

(

gkF +
σ

ρ
k3
F

)

tanh(kFH) (2)

where σ is the surface tension and g is the acceleration due to gravity. In the limit that

kFH ≫ 1, tanh(kFH) ≈ 1, allowing for a polynomial solver to be used to compute the

wavelength21 as the sole real solution to Eq. 2. The forcing lengthscale as a function of

frequency is shown in Fig 2(b), with admissible disk sizes falling within the blue shaded

region. For our size disk (R = 6 mm), we recommend using frequencies of 100 Hz or greater

for the object to be substantially larger than the forcing lengthscale.

We used a standard phone camera acquiring video at 30 fps to record 12 independent video

clips of the disk motion on the bath viewed from above, using a tripod to hold the phone

directly above the bath with the view normal to and centered on the bath’s surface. We used

a frequency of f = 180 Hz with a 3D-printed disk of R = 6 mm and thickness d = 2 mm. For

these parameters, we anticipated that the ballistic-to-diffusive transition would occur on the

order of 0.1 s based on prior studies with similar experimental conditions.10,11 We recorded

videos for 30 seconds after initially placing the disk near the center of the bath in order to
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(a) (b)

FIG. 3. (a) The probability density function of the x and y components of the velocity over 12

independent trials, with the best-fit Gaussian (black dashed line). (b) The speed of the particle

|v| =
√

v2x + v2y follows a Rayleigh distribution (black dashed line). The mean is marked with the

gray dashed line.

capture that transition while also avoiding complications arising from confinement by the

bath, which causes the observed mean squared displacement (MSD) to plateau over time.9,10

We limited our videos to 30 seconds, within which the diffusing particle normally remains

far from the walls of the 10 cm bath. For different experimental conditions, it is possible to

roughly estimate the timescale of confinement by observing how long it takes the particles

to reach the wall and recording videos that are shorter than that timescale. Alternatively,

other authors have omitted trajectories which were within some specified distance of the

walls of the container to avoid confinement effects. We tracked the particle’s position in

time from the recordings with a code written in Python that uses the OpenCV package (see

Github22 for code and examples). Alternatively, students could use Tracker, another open-

source software for particle tracking.23 By tracking the planar position (x = {x, y}) of the
particle as a function of time, we can compute the velocity, v = ∆x/∆t, where ∆t is the

inverse of the filming frame rate (in frames per second).

The probability density function of the x and y components of the object’s velocity are

Gaussian (Fig. 3(a)), and as such the speed of the particle follows a Rayleigh distribution

(Fig. 3(b)). The particle’s mean speed is 3.4 mm/s, indicating that the particle is moving

approximately 0.5 radii per second.

We also compute the velocity auto-correlation function (VACF) and mean-squared dis-

placement (MSD). The VACF measures the correlation between the object’s velocity at one
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instant in time v(t) with the object’s velocity at a later time (v(t +∆t)). Mathematically,

the VACF over a single trial can be expressed as

VACF(∆t) = ⟨v(t) · v(t+∆t)⟩, (3)

where the use of ⟨·⟩ indicates the averaging over multiple realizations in admissible start

times in a trajectory with a max lag time of half the total duration of a trajectory (15 s).

At ∆t = 0, the VACF is simply the mean squared speed ⟨|v|2⟩.
The MSD measures how far a particle moves from its original position over a duration of

time ∆t. We compute the MSD for our experimental data as

MSD(∆t) = ⟨|r(t+∆t)− r(t)|2⟩. (4)

The larger the MSD, the farther the particle has moved from its original position within time

∆t. We compute both the VACF and MSD for 12 independent trials and average over all

trials (Fig. 4). We relate the experimental results to corresponding theoretical predictions

derived from the Langevin equation, discussed next.

III. MODELING THE MOTION

The object’s motion in the plane can be modeled via Newton’s second law to arrive at

the Langevin equation

mv̇ + γv = F(t), (5)

where m is the mass, γ is the friction factor, and F(t) is a random forcing modeling the

Faraday waves and concomitant surface flows. We assume for simplicity that the object

experiences a drag force that is linear in velocity, although other forms of hydrodynamic

drag could lead to different scalings with velocity.

The strength of the random forcing is dependent on the effective temperature of the

system, which here is not thermal temperature, but rather is related to the amplitude of

the wavefield (see Welch et al.10 for an extended discussion). We can rewrite the Langevin

equation (Eq. 5) in terms of the crossover time τc =
m
γ
and the diffusion coefficient D to get

τcv̇ + v =
√
2Dη(t), (6)
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where η(t) is white noise with the properties

⟨η(t)⟩ = 0 ⟨ηi(t)ηj(t′)⟩ =















δ(t− t′) if i = j

0 if i ̸= j

, (7)

where ηi(t) is the i
th component of the noise vector, and δ(t− t′) is the Dirac delta function.

For microscopic spheres in fluid, D is commonly described by D = kBT
6πµR

, dependent on the

viscosity µ, temperature T, the Boltzmann constant kB, and the particle radius R. For our

experimental system, we do not explicitly consider the drag on the object nor the strength

of the effective temperature; instead we fit both the diffusion coefficient and crossover time

from our data. We can express both the VACF and MSD in terms of τc and D via

VACF(∆t) = ⟨|v|2⟩e−∆t/τc =
2D

τc
e−∆t/τc , (8)

and

MSD(∆t) = 4Dτc

(

∆t

τc
− 1 + e−

∆t

τc

)

. (9)

Eq. 9 can be expanded in both the short-time (t ≪ τc) and long-time (t ≫ τc) limits,

yielding asymptotic predictions for the ballistic and diffusive regimes respectively:

MSD(∆t) ≈



















2D
τc
(∆t)2 ∆t ≪ τc,

4D(∆t) ∆t ≫ τc.

(10)

There are numerous ways to use the experimental VACF and/or MSD to extract nu-

merical values for both τc and D. We fit the mean VACF averaged across all trials to the

corresponding theoretical expression (Eq. 8, Fig. 4(a)). Using VACF(∆t) = ⟨|v|2⟩e−∆t/τc ,

we first fit the crossover time τc. With the fitted value of τc, we then rearranged the two

expressions for VACF(0) in Eq. 3, obtaining D = ⟨|v|2⟩τc/2. Through this procedure,

we found that τc = 0.26 ± 0.03 s and D = 1.9 ± 0.2 mm2/s. We then used these values

determined from the velocity statistics to predict the MSD evolution via Eq. 9, showing

excellent agreement with the experiment (Fig. 4(b)). While we chose to fit the parameter

τc via VACF and then demonstrate consistency with the MSD, alternative fitting methods

could use the short- and long-time approximations for the MSD to obtain values for τc and

D using Eq. 10. On a log-log plot, visual inspection of the MSD identifies a crossover in
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(a) (b)

FIG. 4. (a) The velocity auto-correlation function (VACF) as a function of time. The fitted

value of τc (gray dashed line) captures the exponential decay of the VACF. (b) The mean-squared

displacement (MSD) as a function of the time. In both cases, independent trials are shown in

solid gray and the average of the 12 trials is shown in blue. The best-fit curve (black dashed line)

for both the VACF (Eq. 8) and MSD (Eq. 9) using the fitted value for the crossover time τc

and resultant diffusion constant D is overlaid. In (b), the limiting cases for ballistic (green) and

diffusive (red) motion are shown from Eq. 10 (color available online).

the slope roughly near 0.1 − 0.5 s, where the slope (power-law exponent) transitions from

ballistic (slope of 2) to diffusive (slope of 1), consistent with our best-fit value τc = 0.26 s.

We expect that for differing values of disk radius, driving amplitude (volume), and driving

frequency, the values of τc will remain in the range of 0.1 ≲ τc ≲ 1 s, and the value of D

within 1 ≲ D ≲ 20 mm2/s, as characterized in prior studies.10,11

IV. CONCLUSION

We have presented a macroscopic experiment for introducing and exploring underdamped

Brownian motion in a tabletop setup, and in particular, one that effectively highlights the

transition between ballistic and diffusive motion for inertial particles.10 Our accessible sys-

tem uses Faraday waves and their associated surface flows to erratically force a floating

particle along the fluid surface, leading to observable ballistic and diffusive motion that can

be captured with a standard phone camera and analyzed with open-source particle tracking

software. Supplemental documents outline the experimental design and setup with associ-

ated source files, as well as provide corresponding code for video processing and parameter

estimation, all of which can be readily adapted to curricula introducing Brownian motion.
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The setup is naturally tunable given the design choices of driving parameters (frequency,

amplitude/volume), fluid properties, and floater geometry, easily bridging into further stud-

ies. Accelerometers could be added to the setup in order to measure the amplitude of vertical

oscillations, enabling quantification of the relationship between the amplitude of oscillations

and quantities such as the diffusion coefficient. The experiment can be extended to consider

asymmetric particles, calculating their rotational diffusion or observing their self-propulsion

which emerges via the rich interplay between particle and wave coupling.12 Further, one could

easily move to a regime where the object is smaller than the forcing lengthscale by changing

the object size and/or driving frequency. In this regime, the fluctuation-dissipation-like re-

lation breaks down, and the object becomes strongly embedded into the surface flow itself,

behaving more similar to a fluid tracer.11 Finally, our setup could also be adapted to study

the influence of confinement or particle-particle interactions, and to applications related to

current research topics on particle motion and aggregation in active baths.15,24
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