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Interferometric scattering microscopy can image the dynamics of nanometer-scale systems. The typical approach
to analyzing interferometric images involves intensive processing, which discards data and limits the precision of
measurements. We demonstrate an alternative approach: modeling the interferometric point spread function and
fitting this model to data within a Bayesian framework. This approach yields best-fit parameters, including the
particle’s three-dimensional position and polarizability, as well as uncertainties and correlations between these
parameters. Building on recent work, we develop a model that is parameterized for rapid fitting. The model is
designed to work with Hamiltonian Monte Carlo techniques that leverage automatic differentiation. We validate
this approach by fitting the model to interferometric images of colloidal nanoparticles. We apply the method to
track a diffusing particle in three dimensions, to directly infer the diffusion coefficient of a nanoparticle with-
out calculating a mean-square displacement, and to quantify the ejection of DNA from an individual lambda
phage virus, demonstrating that the approach can be used to infer both static and dynamic properties of nanoscale
systems. © 2023 Optica Publishing Group

https://doi.org/10.1364/A0.499389

1. INTRODUCTION

Interferometric scattering microscopy (iISCAT) takes advantage
of the interference between elastically scattered light and a weak
reference beam to detect small particles such as biomolecules

iSCAT image of a biomolecular assembly yields a measurement
of its mass [6]. Also, fitting a Gaussian function to the inten-
sity profile of the center of an iSCAT image of a nanoparticle
yields a measurement of its two-dimensional (2D) position

and nanospheres [1]. The principal advantage of this technique
over fluorescent-based imaging is that it is label free. It there-
fore entails little risk of photobleaching or heating, allowing
samples to be imaged at high frame rates over long times [2—4].
Furthermore, an interferometric image encodes information
about the size and three-dimensional (3D) position of the
particle that produced it, making iSCAT useful for sensitive,
nanoscale measurements, such as characterizing the mass distri-
bution of molecular complexes [5], polymerization of protein
filaments [6], rates of DNA ejection from bacteriophages [7],
and the kinetics of viral self-assembly [8].

These measurements rely on algorithms that infer sizes and
positions of nanoparticles or nanoassemblies. The most fre-
quently used algorithms extract this information primarily
from the central spot of the iSCAT image. For example, quan-
tifying the interferometric contrast of the central spot of an
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to nanometer-scale precision [9]. However, such algorithms
discard information such as the interference fringes outside the
central spot, which contain additional information about size
and 3D position. Furthermore, these methods cannot easily
make use of prior information—for example, the expected
particle size—and do not easily account for correlations—for
example, between size and position—making it difficult to
quantify uncertainties on the measurements.

An alternative method is to model both the scattering and
interference and fit that model to the data. This forward mod-
eling approach has been used to analyze interferometric images
from an in-line holographic microscope, which has a configu-
ration different from the iSCAT microscope but operates on
similar principles. For example, fitting a forward model of
Lorenz—Mie scattering, interference, and propagation to an


https://orcid.org/0000-0002-7731-0598
https://orcid.org/0000-0002-4119-3983
https://orcid.org/0000-0003-0370-6095
mailto:vnm@seas.harvard.edu
https://doi.org/10.1364/AO.499389
https://crossmark.crossref.org/dialog/?doi=10.1364/AO.499389&amp;domain=pdf&amp;date_stamp=2023-09-13

7206 Vol. 62, No. 27 / 20 September 2023 / Applied Optics

in-line hologram enables precise characterization and 3D track-
ing of microscopic particles [10], with quantified uncertainties
[11-14]. Recently, the forward modeling approach has been
extended to iISCAT. Mahmoodabadi and coworkers [15] devel-
oped a forward model of the interferometric point spread
function (iPSF), including the effects of an objective lens, and
fit this model to iISCAT data to extract 3D trajectories of gold
nanoparticles. Modeling interferometric images as PSFs is a
reasonable approximation here because the particles are much
smaller than the wavelength of light. More recently, Kashkanova
and coworkers [16] applied a Lorenz—Mie scattering solution,
applicable to larger particles, to quantify the intensities of
processed iSCAT images, and He and coworkers [17] devel-
oped a general approach based on numerical electromagnetic
simulations.

Our aim is to develop a forward modeling approach that
yields precise measurements of specimen size, mass, and 3D
position, makes use of information in both the central spot and
surrounding fringes, readily incorporates prior information,
and accurately quantifies uncertainties. To this end, we use a
Bayesian parameter-estimation framework. We infer the pos-
terior probability density (or “posterior”) of the parameters
in the forward model given the data and prior information,
which is specified as prior probability distributions (or “priors”)
on the parameters. In contrast to fits obtained by non-linear
optimization techniques [18,19], the full posterior obtained in a
Bayesian approach describes more than just the best-fit values; it
can also be used to infer the correlations between parameters and
the marginalized uncertainty of each parameter, which accounts
for these correlations.

To implement this approach, we must develop a computa-
tionally simple forward model that can be used with Markov
chain Monte Carlo (MCMC) sampling methods, the typical
approach to calculating the posterior in a Bayesian framework
[11,20,21]. Sampling the posterior with MCMC methods
requires thousands of model evaluations. We must therefore
make physical approximations to limit the computational
complexity of the model, so that sampling takes a reasonable
time. Furthermore, the model must be expressed so as to allow
efficient sampling in a multi-dimensional parameter space.
The most efficient MCMC methods are based on Hamiltonian
Monte Carlo (HMC) algorithms [22], which rely on auto-
matic differentiation to calculate gradients [23]. To leverage
these algorithms, we must express our model using a modern,
computational graph library.

To enable HMC-based analysis of iSCAT data, we focus on
the Rayleigh scattering regime, applicable to particles much
smaller than the incident wavelength. This approximation
allows us to use the iPSF to model the iSCAT image, as pre-
viously shown by Mahmoodabadi and coworkers [15]. Here,
we re-parameterize the forward model of the iPSF so that it
can be used with a computational graph library and HMC
sampler, both implemented in the Python package PyMC [24].
Furthermore, we use a much simpler model for the optical train
of the microscope, one that ignores effects of the objective other
than magnification. This choice reduces the computational
cost of each model evaluation. As we show, our approach can
efficiently estimate parameters from iSCAT data along with
their correlations and uncertainties, even when the posterior
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is multi-modal. We demonstrate several applications of this
approach, including tracking diffusing nanoparticles in 3D,
directly inferring diffusion coefficients from position data, and
characterizing the ejection of DNA from alambda phage, a virus
that infects E. coli bacteria.

2. MODEL OF THE iPSF

In iSCAT, coherent light illuminates a sample through an objec-
tive lens. The light is scattered by the particles in the sample, and
aportion of the incident beam E;,. is reflected by the interface of
the coverslip [Figs. 1(a) and 1(b)]. The scattered field (E,,) and
reflected field (E,f) return through the objective and interfere to
form an image. For a single subwavelength particle, the resulting
interferometric image is a set of concentric bright and dark rings

[Fig. 1(c)] that can be modeled with the iPSE

A. Simplified Model

For simplicity, we assume that the interference pattern is trans-
lated one-to-one from the focal plane of the objective lens onto
the camera, an assumption widely used in analysis of data from
in-line holographic microscopy [10,14]. This approximation
neglects any aberrations induced by the coverslip or optical train
and assumes the particle is above the focal plane. Nonetheless,
analysis of in-line holograms shows that the approximation
is reasonable if the particle is at least a few micrometers above
the focal plane and the objective has a high numerical aperture
(NA) [12]. For our purposes, this approximation enables a more
efficient parameterization that allows us to avoid computa-
tionally expensive numerical integrations or special-function
evaluations.

With this approximation, the intensity profile /(x, y) of the
interference pattern is

I(x, y) = |Exet(z) + Esaa, y, 21

= E2i+ E2, + 2 ErE eq 05 Q. (1)

Here, the coordinate system (x, y, z) has the z axis aligned
with the optical axis, where z=0 is the top of the coverslip,
and z is the position of the focal plane. @gi is the phase dif-
ference between E,s and E,, [we have omitted the arguments
(x,y, zf) for brevity]. We normalize by £Z; and subtract the
contribution of the reference beam to obtain the iPSF as

. Eszca + 2ErefEsca Ccos ¢dif 2ErcfEsca Ccos ¢dif

iPSF = = ~ 2 .

ref ref

2

We neglect the term 2 because Ey, K Ef for weakly scatter-
ing systems.

To evaluate this expression at the focal plane, we first consider
a reference beam aligned with the optical axis with a constant
intensity profile. Though the beam never reaches the focal plane
physically, we can treat it as if it originates at the focal plane by
including an additional phase shift of —7,,4z r, where 7,, is the
refractive index of the medium, and # =27 /A is the vacuum
wavevector. Fresnel reflection from the refractive—index mis-
match at the coverslip-sample interface induces an additional

phase shift ¢.r. We thus find thatat the focal plane,
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(a) Schematic of the interferometric scattering microscopy (iSCAT) setup on an inverted microscope. (b) Schematic of the scattering. A

fraction of the illumination beam reflects from the coverslip—sample interface and interferes with the light backscattered by a particle at position z,
above the coverslip. The focal plane is at position z s above the coverslip. The reflected field, E,f, and scattered field, E,, interfere to form the iSCAT

image. (c) iSCAT image of a 120 nm polystyrene particle.

Eref = Erefe¢ref7nmsz . (3)

In the Rayleigh approximation, the scattered field from a
sphere atadistance 7 in the far-field limit is

2V2n%a —
Esca(r) = Einc(;;——n)zaemmkr 1 + COS2 0, (4)
Ny) T

where Ej, is the incident light, « is the particle polarizability
relative to the medium, A is the incident wavelength, and 0 is the
scattering angle [25]. The polarizability is proportional to the
volume of the particle. For a spherical particle,

2 _ 2
n, —n
a=a’ |5 ) (5)
ny, + 2ny,
where « is the particle radius, and 7, is its refractive index.
Because o can be complex, it can lead to an additional phase

difference between incident and scattered waves. The scat-
tered field at the focal plane can be evaluated from Eq. (4) with

r=r,= \/(x —x0)t + (y —)/0)2 + (2, — Zf)z, the  dis-
tance between the position on the focal plane (x, y, zf) and
the particle position (xq, yo, zp). The scattering angle is then
cost = (z, — zf)/7.

Finally, by accounting for the additional phase factor of
inmkzp in the incident beam, corresponding to the optical path
length from the coverslip to the particle, we obtain the following
expressions for the terms in Eq. (2):

4

Erf = Ef,

2
Faum En Y20 [ <g) ,
)7, "

Pdif = (¢ref— nm/ezf) — (nm/ezp + arg(a) + nmkrp) . (6)

B. Parameterization

Several parameters in Eq. (6) have equivalent effects on the iPSF
and cannot be independently inferred. We reparameterize to
avoid such degeneracies and minimize the correlation between
parameters, which is computationally beneficial for MCMC.
We define the following parameters: height of the particle with
respect to the focal plane 2/, = z, — z 7, lumped amplitude

E". _ Einc 4\/§7T3|a|
T E O/ny)

@)

and lumped phase
b0 = —Pref + 2nkzp + arg(@). 8

Because #4 or 7, can be precisely measured, we do not include
them as parameters. With the new parameterization, Eq. (2) can
be expressed in terms of the following quantities:

Erf= Ef,
Eus = EncBo——1+ (2, /1,)?
sca re! nmkrp P P El
Gair = — (o + nmkz;, + ”mlerp)v (9)

with 7, = \/(x —x0)* + (y —)/0)2 + z}z. We substitute these

quantities into Eq. (2) and eliminate Ef to arrive at

J1+@, /)

X COS [— (¢0 + nmkz; + nmkrp)] .

iPSF = 2 £,
Ny TP

(10)

We find good agreement between this model and the more
complex model developed by Mahmoodabadi and coworkers
[15] {Fig. 2; compare with Fig. 3(b) of Ref. [15], below the
dashed line}.
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Fig. 2.  (a) iPSF calculated from Eq. (10) with A =635 nm,

n, = 1.33, z;, =300nm, Fy=0.3, and ¢y =7/2. (b) x-z cross
section at y = 0 of generated iPSFs for varying z s, where the particle
is located at z, = 3000 nm. The cone-like pattern of fringes converges
when the focal plane is at the particle.

C. Beam Misalignment

In many iSCAT experiments, the reference beam is purposely
misaligned with the optical axis to avoid unwanted reflections.
The deformation of the interference pattern caused by mis-
alignment would introduce a systematic error in the inferred
parameters if it were not modeled.

We model the misalignment by considering the spatially
varying phase shift at the focal plane, which we parameterize by
two angles: 6, the angle between the beam and the optical axis
[Fig. 3(a)], and ¢;, the rotation of the beam about the optical
axis. We first project each position on the focal plane (x, y) toa
distance along the unit vector (cos @5, sin ¢;):

o =X oS @} + ¥y sin @p. (11)

The spatially varying phase shift Prma is related to the perpen-
dicular distance from the equiphase line 7, sin 6, [Fig. 3(a)]
as

Bina = 1k (x cos @p+ y sing,) sin ;. (12)

There is also a phase shift of the beam incident on the particle at
(x0, y0), such that the relative phase shift is

Oma = 1kl (x — x0) cos @ + (3 — yo) sin ;] sin 6. (13)

Other than this phase shift, we assume that there is no addi-
tional effect from the beam misalignment on the scattering
angle, an approximation that is valid if the detector subtends a
sufficiently small angle, as is the case here.

By including this phase shift in our model, we can calculate
the iPSF for any values of 6, and ¢, as shown in Fig. 3(b).
Because these parameters should not vary within a single exper-
iment, they can be either inferred or directly measured and then
set as constant. Through inference, we find in our experiments
that 6, ~5.6° and ¢, = 52°. The degree of asymmetry in
the iPSF depends on the degree of misalignment of the beam;
when the beam is only slightly misaligned, this effect becomes
negligible.

Research Article

(a) Equiphase line
r,sinf
l/,/s/gg/«xi/;/////b

To Focal plane

i z oS @y,
i A y) \sing
b

(b)
5000
2500
- -
5 &
-2500
-5000
-5000 0 5000
X [nm]
Fig. 3. (a) Misalignment of the beam (red) induces a spatially

varying phase shift that depends on misalignment angles 6, and
¢p. (b) iPSF corresponding to Fig. 2(a), now including the addi-
tional phase shift due to a misaligned beam with angles 6, =15°
and ¢, =45°. Misalignment is exaggerated here for demonstration
purposes; experimental values are 8, ~ 6°.

D. Beam Gaussianity

Although a typical incident beam is spatially filtered, resulting
in a Gaussian profile, it is reasonable to approximate the beam
profile as uniform when the iPSF is much smaller than the beam
width. With strongly scattering particles, however, the extent of
the iPSF can be comparable to the beam size. This is the case for
the larger polystyrene particles (¢, ~ 100 nm) that we examine
in some of our experiments, though not for the lambda phage
particles. Thus, we correct for beam Gaussianity for analysis of
polystyrene particles but approximate the beam as uniform for
analysis of the smaller phage (see Supplement 1).

3. BAYESIAN INFERENCE FOR iSCAT

To estimate the free parameters of our model along with their
uncertainties, we first process the raw iSCAT images according
to the scheme in Ref. [26], then use a Bayesian MCMC method
to fit the model to the processed data. The processing algorithm
estimates the background from the image by filtering, subtracts
off the estimated background, and finally divides the image by
the estimated background. We crop the image to the region with
visible fringes to avoid fitting to areas where the signal-to-noise
ratio is low. We model the noise as independent and Gaussian
for each pixel with constant standard deviation 6,pis, which we
include as an additional free parameter in the model to better
estimate the noise level. When we estimate other parameters,
we marginalize over the noise parameter, incorporating its
uncertainty into the uncertainties of the parameters of interest.
A Bayesian framework requires explicit choices of prior prob-
abilities for each free parameter. We choose normal distributions
for parameters that can be positive or negative, such as position,
and gamma distributions for parameters that must be positive,
such as scattering amplitude. For the phase factor ¢y, we use
a uniform distribution from —7 to 7. For the misalignment
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angles, we use truncated normal distributions to constrain the
angles to the appropriate quadrant. We find that fitting con-
verges with relatively uninformative priors on all parameters
except for the horizontal position (x¢, y¢), which must be well
constrained. We estimate the iSCAT image center within about
100 nm, or 2 pixels, with a Hough transform [27,28] and use
this estimate as the mean for the prior on the horizontal position.
The full statistical model for the iPSFg,, (x, y) is

ﬁo ~ Gamma(uéo, 0@0),
¢o ~ Uniform(—m, ),
xo ~ Normal(fty,, 0y,).

yo ~ Normal(uy,, 0,,),

),

2, ~ Gamma(uy, , 0y,

0y ~ Truncated Normal(pg,, 04,, 0 <0, < 15°),

@5 ~ Truncated Normal (i, , 0y, 0 < @5 < 90°),

Onoise ~ Gamma (o, ;. Topoie)»

iPSFgaia (%, y) ~ Normal(iipsp (%, ¥), Onoise) (14)

where pipse(x, y) is the iPSF model, Eq. (10). The values used
for the priors are provided in Supplement 1 Table S1.

A. Hamiltonian Monte Carlo

To fit this model to data, we use MCMC techniques from the
Python package PyMC [24], which leverages the tensor-based
library PyTensor, based on Aesara/Theano [29,30], to
calculate gradients. We primarily employ a No-U-Turn (NUTS)
sampler [23], which implements an efficient HMC technique
[22]. We use NUTS whenever the phase factor ¢y is a free
parameter. But because the gradient is undefined at ¢g = %,
we separately fit the absolute value of ¢ as a continuous param-
eter (0 < ¢ < ) and fit its sign as a Bernoulli parameter (zero
or one), so that the sampler can move through the cutoff at zero
or v by flipping the sign. When ¢y is fixed, however, such as in
particle tracking experiments with a stationary focal plane, the
posterior becomes multi-modal with a local maximum in 2/
every half wavelength. In such posteriors, it is possible for the
NUTS sampler to become stuck in a local maximum and fail
to converge. In these cases, we use a Sequential Monte Carlo
(SMC) sampler [31], which employs a tempered scheme to efhi-
ciently explore multi-modal posteriors. We find that the SMC
sampler consistently finds the global maximum of the posterior
(see Section 5.A).

The computational runtime of the MCMC method depends
primarily on the size of the iSCAT image. Fitting the model to
a 100 x 100 pixel image of a 120 nm polystyrene particle takes
approximately 4 min on a modern CPU (2.2 GHz Intel Core
i7). Fitting toa 17 x 17 pixel image of a lambda phage takes less
than 10s.
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4. VALIDATION
A. Fitting Data from a Single Particle

To validate the method, we fit our model to iSCAT images of
a 120 nm polystyrene sphere immobilized on a coverslip (see
Appendix A for experimental methods). To render an approxi-
mation of the true hologram, we use the model to simulate the
hologram using the parameters corresponding to the mean of
the posterior. This rendering, which we call the “best-fit” holo-
gram, matches the recorded data well [Fig. 4(a)], although there
is a discrepancy between the model and data for the intensity of
the central fringe [Fig. 4(b)], likely arising because the point-
scatterer approximation becomes less accurate for particles of
this size.

The sampling approach yields a detailed view of the uncer-
tainties and the correlations of the parameter estimates
[Fig. 4(c)], where correlations between parameters manifest
as diagonal joint distributions in the pair plots. We find that
the phase ¢ and the axial position 2/, are strongly correlated
with each other and, to alesser degree, with the scattering ampli-
tude £o. We expect some correlation because changes in axial
position affect the amplitude of the scattered wave reaching the
detector as well as the optical path length between the scattered
and reference beams, which affects the phase. These parameters
are not completely degenerate because the axial position also
affects the distance between fringes and their relative ampli-
tudes. Thus the axial position can be independently inferred
from the phase and amplitude, though its uncertainty is affected
by correlations with these variables. We also note some cor-
relation between the misalignment angles and the horizontal
position of the particle, which arises because both affect the
location of the central fringe on the detector.

By marginalizing the posterior over all parameters except
those of interest, we can quantify both the precision and accu-
racy of the technique. To quantify the localization precision, we
examine the widths of the marginal distributions for x, y, and 2),
[plots along the diagonal in Fig. 4(c)]. We find an uncertainty of
less than 10 nm in both lateral and axial directions. To quantify
the accuracy of the amplitude measurement, we examine the
marginal distribution for Ej. Following Eqs. (5) and (7), we esti-
mate E 0 ~ 0.7, assuming Fresnel reflection at the coverslip and
1y, =133, n, =1.586, A =635 nm, and 2 = 60 nm. From
the data, we inferred £y = 0.303 £ 0.004. The agreement is
reasonable, considering the assumptions involved. In practice,
one measures the particle size from the inferred amplitude by
calibrating the amplitude against a particle of known size. We
compatre to a calculated value instead of a calibrated one because
weare interested in assessing the validity of the results.

B. Fitting Data at Varying Focal-Plane Locations

We fit the model to data from the same immobilized 120 nm
polystyrene sphere across a large range of axial distances by
translating the objective upward to move the focal plane ata rate
of 10 nm per frame (Visualization 1). The resulting fits match


https://doi.org/10.6084/m9.figshare.24034374
https://doi.org/10.6084/m9.figshare.23635119

7210

Research Article

Vol. 62, No. 27 / 20 September 2023 / Applied Optics

Fit

(c) (b)

0.1

-3000 0 3000 01

0.0 X [nm]
7 820 0.01 NVV
£
2 810 w
_ a -0.11
E 410
W 400 -0.21 —— Data
o —0.6 — Fit
el -0.3 — T

-0.8 -3000 0 3000

0.31 X [nm]
_. 625
SR AIVAN

T 52 e - -
s 50 a///n\\\_
0.0190
- - - - - - - _/\
0.0185
565 570 575 810 820 400 410 -08 -06 0.30 0.31 600 625 50 52 0.01850.0190
Xo [nm] Yo [nm] z,, [nm] do Eo 6h[°] o [°] o

Fig.4. Results of MCMC fit of the iPSF model to iSCAT data for a 120 nm polystyrene particle immobilized on the coverslip. (a) Processed data
and best-fit image generated from the posterior mean. The best-fit image represents our best estimate of the true image that would be produced by the
particle in the absence of noise. The red box shows the cropped image used for the fit. (b) Plot of the intensity across the central line of the data and
best fit. Red lines delineate the cropped region. (c) Kernel density estimates of the posterior. Off-diagonal plots show the joint posteriors for each pair
of parameters, marginalized over all other parameters. Diagonal plots show the fully marginalized probability distributions for each parameter.

-2000 O
X [nm]

2000

X [nm]
Fig.5. x-zcross sections of (a) recorded iSCAT images and (b) best
fits from the iPSF model for a stationary 120 nm polystyrene sphere as
a function of distance from the particle to the focal plane, with the focal
plane approaching the particle from bottom to top.

the data well (Fig. 5), though the data contain some additional
modulation that might be due to fringe noise from out-of-focus
particles in the sample.

We find that as we sweep the focus toward the particle, the
inferred distance between the particle and focal plane decreases
linearly, as expected [Fig. 6(a)]. The absolute axial position of
the particle, obtained by adding the inferred distance to the
displacement of the focal plane, remains largely constant, also as
expected [Fig. 6(b)]. We do see some axially dependent fluctua-
tions larger than the parameter uncertainty [inset of Fig. 6(b)].
This systematic error in the axial position is about 40 nm over
the total distance of 1800 nm, a 2% variation. We see similar
effects in the best-fit scattering amplitude E, [Fig. 6(c)], which
remains largely constant across the focal sweep but includes
some variations with relative amplitude of a few percent, larger
than the uncertainty. In both cases, the systematic errors likely
arise from unmodeled optical effects, such as Mie scattering
or additional effects of the objective lens, both of which could
contribute to the variation with z. When the particle is at least
three diameters (here about 360 nm) from the focal plane, how-
ever, we obtain consistent and reasonable parameter estimates
with systematic errors of only a few percent and non-systematic
uncertainties that are much smaller.
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Fig.6. Parameter estimates for focal sweep of a 120 nm polystyrene
particle immobilized on the coverslip. Plots show (a) best-fit axial par-
ticle position relative to the focal plane, (b) absolute axial particle posi-
tion, and (c) scattering amplitude as a function of axial displacement of
the focal plane. The solid blue lines indicate best-fit posterior mean val-
ues, while the shaded blue region denotes a 67% credible interval.

5. APPLICATIONS
A. 3D Particle Tracking

Recent work has focused on using iSCAT to track small particles
in three dimensions. The first studies used only the central
contrast of the fringe pattern to axially track the particle [32,33],
while later studies analyzed the entire fringe pattern [4,15,16].
Here we use both the central spot and surrounding fringes to
track a nanoparticle in three dimensions. We use the efficient
Bayesian inference framework described above, which allows
us to quantify the uncertainty on the particle position in all
three dimensions. This uncertainty can then be propagated in
further analyses, as we demonstrate by inferring the diffusion
coefficient.

We track the Brownian motion of a freely diffusing poly-
styrene sphere with a hydrodynamic diameter of 79 & 14 nm,
as characterized by the manufacturer. The iSCAT images are
shown in Visualization 2. We fit these data using our model with
a correction for a Gaussian beam, but with fixed misalignment
angles obtained from calibration (Section 4.A). We also fix
the phase ¢ to an arbitrary value, since the focal plane is kept
constant throughout the experiment and we are interested only
in the relative displacement of the particle and not the absolute
value of 2. Fixing the phase improves the accuracy of the axial
tracking but makes the posterior multimodal in 2, with peaks
at every half wavelength. To efficiently explore the multimodal
landscape, we use the SMC sampler. We use the posterior esti-
mate for the 3D position in one frame as a prior for the next
frame, setting the standard deviation of our Gaussian prior for
the position to 150 nm to account for particle movement.

From the best-fit (posterior mean) results, we can construct
the trajectory of the sphere in 3D space over a wide range of
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3

X
{nmy 2000

Fig. 7. Trajectory of a freely diffusing 79 nm polystyrene particle.
The shaded line indicates the best-fit 3D trajectory, and the color
indicates time. The gray dots are the 2D projections of the trajectory,
while the 1D histograms are shown for each Cartesian direction on
the corresponding axes. The smooth lines in the histograms are kernel
density estimates.

axial positions (Fig. 7). The uncertainty in the particle position,
which we calculate from the standard deviation of the margin-
alized posterior of each inferred coordinate, is 6 nm in both
lateral and axial directions, of the order of one tenth of a pixel.

We then directly fit a model of a Gaussian random walk to
this inferred trajectory to infer the diffusion coefficient. We
consider the horizontal and vertical trajectories separately. Since
the Brownian motion is itself a statistical process, we can use a
Bayesian framework to infer the diffusion coefficient directly
without calculating a mean-square displacement [34]. The
advantage of this approach is that it allows the uncertainty at
each point of the trajectory to be easily propagated to quantify
the final uncertainty in the diffusion coefficient. Furthermore,
we can infer the most credible trajectory given the data, and the
uncertainty on this trajectory.

The full description of the Gaussian random walk model is

ny ~ Normal(quy s O'Dx],)s

D, ~ Normal(ip,, op,),

dx (), dy(z) ~ Normal (0, ,/Znydt) ,
dz(#) ~ Normal (o, ,/2Dzdt) ,

[x(®), y(#), 2()] = [Xdara(0), Ydara(0), Zdara(0)]
+ ) [dx(). dy (). dz(0)] .
Xdara (#) ~ Normal(x (2), 0, (2)),

Jdaa(£) ~ Normal(y (2), 7, (7)),
Zdara(#) ~ Normal(z(2), 0.(1)), (15)
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Fig. 8. (a) x coordinate of trajectory for a freely diffusing 79 nm

polystyrene particle, as inferred by fitting a Gaussian random walk
model to data shown in Fig. 7. The solid blue line shows the best-fit
trajectory, while light blue lines indicate the range of individual sam-
ples from the posterior, representing random walks that could yield the
observed data. (b) Posterior for Dy, and D, obtained from MCMC.
Blue dots show individual samples, and black lines show kernel density
estimates. Marginalized distributions are shown on the axes.

where Xdaea (£), Ydara (%), Zdara (#) are the best-fit positions, and
0.(t), 0,(2), 0,(¢) are the uncertainties, as inferred previously.
The displacement of the particleis [dx (2), dy(z), dz(2)]. Values
for the distribution parameters are provided in Supplement 1
Table S2. We use a NUTS sampler to fit this model to the data.

We find D,, = (5.6 £ 0.3) x 10~'2 m? /s for the horizontal
direction and D, = (4.8 +0.4) x 1072 m?/s for the verti-
cal direction, with the full joint posterior shown in Fig. 8. We
attribute the discrepancy between the diffusion coefficients
to interactions between the sphere and the coverslip. While
the horizontal positions are largely Gaussian distributed, as
expected for a random walk, the distribution of the vertical posi-
tion is skewed, peaking around z = 1500 nm (Fig. 7). The skew
might arise from electrostatic interactions with the coverslip,
interactions that could be precisely characterized by this method
with larger data sets.

Because the horizontal diffusion coefficient should be less
sensitive to interactions with the coverslip, it provides a more
reliable estimate of the true free diffusion coefficient. Assuming
purely Stokesian drag, we calculate the particle diameter from
D, to be 78 & 5 nm, in good agreement with the particle size
provided by the manufacturer.

B. Lambda Phage Viral DNA Ejection

Another promising application of iSCAT is the investigation of
the dynamics of viruses [7,8,35], such as the process by which a
lambda phage, a double-stranded DNA virus that infects E. col,
ejects its encapsulated genetic material. Because the phage DNA
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is packaged at high density inside its capsid, the intensity of the
iSCAT image of a phage before ejection is much higher than the
intensity after ejection. In previous work, Goldfain and cowork-
ers used the change in intensity of the central spot of the iSCAT
image to measure the amount of DNA that was ejected as a func-
tion of time [7].

Here, we use our Bayesian method to quantitatively analyze
the ejection process. In contrast to the previous analysis, we use
a fitting approach rather than a processing approach, and we fit
the model to all the visible fringes rather than just the central
spot. We analyze iSCAT images of a single lambda phage immo-
bilized on a coverslip (Visualization 3). We fit for the scattering
amplitude of the particle, which should depend linearly on the
volume and mass of the DNA inside the capsid [7].

In this experimental setup, the phage is below the focal plane,
rather than above the focal plane as we assumed in our model
development. However, for an unaberrated system, the effect
of relocating the specimen from above to below the focal plane
is simply an additional Gouy phase shift [36,37]. The fitted 2),
(which we constrain to be positive) becomes the distance below
the focal plane, and the Gouy phase shift is absorbed into the
fitted phase ¢y, the value of which is not of interest to us. We
therefore use the same simplified model to fit the data, but we
interpret z/, as the distance below the focal plane. We also fix
the misalignment angles to their previously calibrated values,
and we do not correct for the beam Gaussianity, since the visible
fringe pattern is small compared to the width of the beam.

We find good agreement between the data and the best-fit
iPSF from our model (Fig. 9). This result shows that the model
can be used to analyze data of particles below the focal plane,
as long as the absolute value of the phase difference is not of
interest, and the particle is not so close to the focal plane that the
effects of the lens must be modeled.

By analyzing the full sequence of frames throughout the
ejection process, we obtain a time series for the scattering ampli-
tude l:fo (Fig. 10). In the Rayleigh scattering regime, the ratio
between the scattering amplitude at a given time in the ¢jection
process and the initial scattering amplitude relates directly to
the fraction of remaining DNA in the viral capsid. We observe
that the DNA ejection process, as captured by the scattering
amplitude, occurs over approximately 5 s. The fluctuations
in the amplitude appear to be within the uncertainty of the
measurement.

In contrast to the previous analysis of the DNA ejection proc-
ess of lambda phage [7], which relied on integrating a selected
number of central pixels of the fringe pattern, our method makes
use of more information from the fringe pattern and accurately
accounts for correlations between the particle position and size.
In particular, the method allows us to decouple variations in
intensity due to the motion of the particle from changes of the
scattering amplitude due to ejection of DNA. Altogether, we
achieve an increase of the signal-to-noise ratio of around 50%
over the former method. These results illustrate that our method
can be useful for accurate mass photometry [6], although cali-
bration against a particle of known size is required to account for
all experimental factors, such as the finite detector efficiency.
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Characterization of a single lambda phage. (a) Schematic of the phage immobilized on the coverslip, showing the reference and scattered

waves. (b) Background-corrected iSCAT image of an individual phage. (c) Best-fit iPSE. (d) Intensity as a function of x at y = 0 for the data (blue line)
and best fit (red line). The purple shaded region represents the uncertainty in the fit, obtained from the range of several posterior samples.
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Fig.10.  Time series of the best-fit scattering amplitude of a lambda
phage during a DNA ejection event, where the scattering amplitude
decreases as the genetic material exits the viral capsid. The solid blue
line indicates the posterior mean, while the shaded blue region denotes

the 67% credible interval.

6. CONCLUSION AND OUTLOOK

We have demonstrated that with a Bayesian approach to the
analysis of iSCAT data, we can infer not only the best-fit values
for the position and scattering properties of nanoscopic objects,
but also quantify the statistical uncertainties and correlations
between these parameters. We have shown that a simplified
model that does not account for lens effects can nonetheless
accurately capture many features of the iPSF when the parti-
cle is either above or below the focal plane. By implementing
this model in a tensor-based language, we have demonstrated
that MCMC methods that leverage automatic differentiation
techniques can efficiently calculate the full posterior to yield
parameter estimates and uncertainties.

We anticipate that this method will be useful for the types
of applications we have demonstrated here: 3D tracking of
nanoparticles and characterization of the dynamics of viruses.
In both cases, it is critical to quantify uncertainties, since one
is typically interested in testing physical models of the dynam-
ics. Arguably, MCMC-based Bayesian inference is the ideal
workhorse for such problems, because it quantifies the uncer-
tainties and correlations among all parameters in the model.
Furthermore, the point-scatterer approximation allows for
straightforward translation of the scattering model into highly
efficient tensor-based libraries, which enables fast MCMC
approaches.

Our method can be extended to other situations of interest,
such as modeling more than one particle in the field of view or
modeling the effects of the objective lens [12,13,15]. Because
HMC/NUTS-based samplers operate efficiently even with large
numbers of parameters, the framework we have developed is a
useful base upon which more complex models can be built.

APPENDIX A: EXPERIMENTAL METHODS
OuriSCAT microscope is described in detail in Refs. [7] and [8].

Samples are mounted to a NanoMax three-axis stage (Thorlabs,
MAX343). Polystyrene sphere samples are illuminated by a
200 mW, 635 nm single-mode laser diode (Lasertack PD-
01230), while lambda phage samples are illuminated with a
300 mW, 405 nm laser (Toptica iBeam Smart), both modulated
with a 1 MHz square wave to reduce temporal coherence and
suppress background intensity variations. The beams are spa-
tially filtered with a single-mode optical fiber and focused onto
the back aperture of a 100x oil-immersion objective (Nikon
Plan Apo objective, NA 1.45 for spheres; Nikon Plan Apo VC,
NA 1.4 for lambda phage) to collimate the beam at the sample.
We record images with a PhotonFocus MV1-D1024E-160-CL
camera for spheres and an Andor Zyla 5.5 for lambda phage.

We calibrate the image pixel size by laterally translating a
polystyrene particle stuck to the coverslip using NanoMax actu-
ators and recording the voltage and an image of the particle. We
estimate the horizontal particle position using the HoloPy [21]
implementation of the Hough transform [27,28] and calculate
a pixel size of 73 nm using the position-voltage conversion
provided by the manufacturer. To account for systematic uncer-
tainties in the size calibration, we include an additional overall
rescaling factor of the image in our model. This parameter also
accounts for any uncertainty in the wavelength or medium
refractive index of the experimental setup. We determine it by
fitting, but we keep it constant for all fits within a single experi-
ment. Typical scaling factors are between 0.8 and 1.2, which are
reasonable given the uncertainty in the calculated pixel size.

We use an open-top sample chamber to image the polystyrene
particles. We clean No. 1 coverslips (VWR Micro Cover Glass)
by sonicating in 1% w/v Alconox detergent in water for 30 min,
sonicating in deionized (DI) water (output from Millipore Elix
3 and Millipore Milli-Q Synthesis) for 30 min, rinsing in DI
water, and drying with nitrogen gas. We place samples inside
a small ring of vacuum grease on the clean coverslip, forming
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a contained droplet. The round top of the droplet prevents
reflection back into the objective from the top of the sample.

To immobilize a particle for a focal sweep, we suspend
120 nm polystyrene particles (Invitrogen S$37204) diluted
in 0.5 M NaCl solution. The high salt concentration screens
electrostatic repulsion between the coverslip and particles,
allowing them to stick to the glass. We record focal-plane sweep
data by bringing a single particle into focus, driving the stage
in the z direction at 0.001 mm/s using the NanoMax stepper
motors, and recording images (2 ms exposure time, 10 ms frame
interval). For the free diffusion experiment, we dilute 79 nm
polystyrene particles (Spherotech PP-008-10) in DI water to
5 x 107°% w/w. Since the buffer contains no salt, particles
do not stick to the coverslip. We image this solution with the
focus close to the coverslip—water interface to prevent diffusing
particles from passing below the focal plane (2 ms exposure time,
3 ms frame interval).

The lambda phage experiments have been previously
described [7]. In brief, we purify lambda phage and LamB
receptor from E. coli [38] and store them in 50 mM Tris-HCI
pH 7.5, 100 mM NaCl, and 8 mM MgCl, (TNM buffer).
The sample chamber consists of a No. 1 coverslip closest to
the objective and two pieces of glass slide sealed together to
form a tilted roof that prevents back-reflections. We modify
the coverslips with (3-aminopropyl)triethoxysilane APTES
(98% purity; Alfa Aesar), which causes the phages to stick,
and N-hydroxylsuccinimide-modified polyethylene glycol
(5000 MW, >95% purity, Nanocs Inc.) to limit the number of
bound phages. We pipette 20 uL of lambda phageat 10'° plaque
forming units per mL into the chamber, which is open. We rinse
out unbound phage by adding 20 pL of TNM to one side of
the chamber and aspirating 20 pL from the other. We then add
LamB receptor in TNM with 1% n-octyl-oligo-oxyethylene
(oPOE) detergent (Enzo Life Sciences Inc.) using the same
method, and we record images (9 ms exposure time, 10 ms frame
interval).
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